Nondestructive evaluation is used widely in many engineering and industrial areas to detect defects or flaws such as cracks inside parts or structures during manufacturing or for products that need to be inspected while in service. The commonly-used standard statistical model for such data is a simple empirical linear regression between the (possibly transformed) signal response variables and the (possibly transformed) explanatory variable(s). For some applications, such a simple empirical approach is inadequate. An important alternative approach is to use knowledge of the physics of the inspection process to provide information about the underlying relationship between the response and the explanatory variable or variables. Use of such knowledge can greatly increase the power and accuracy of the statistical analysis and enable, when needed, proper extrapolation outside the range of the observed explanatory variables. This paper describes a set of physical model-assisted analyses to study the 5 February 2011 2 capability of two different ultrasonic testing inspection methods to detect synthetic hard alpha inclusion defects in titanium forging disks.
INTRODUCTION

Background
Nondestructive evaluation (NDE) is used to characterize the status or properties of components or structures without causing any permanent physical damage. The aerospace industry is one important NDE application area where failing to detect defects inside airplane components can lead to disasters [ in NDE studies. Given a sufficient amount of data over an appropriate region of interest for the explanatory variables (e.g. flaw size and depth), simple empirical statistical models are often adequate to describe the relationship between the response and the explanatory variables. In many applications, however, including the one that motivated this research, the available data are not sufficient to address the questions that need to be answered. Under such circumstances, a physics-based statistical model can sometimes be used to extract the needed information from the limited data. In addition, the physics-based model enables us to extrapolate outside the range of the available data.
As exemplified in NTSB/AAR-90/06 (1990), hard alpha inclusions in titanium alloy aircraft engine disks can lead to serious accidents. A hard alpha inclusion is a brittle nitrogen-based contamination that could cause fatigue cracks to grow more rapidly than what would be otherwise expected in the usually 3 ductile titanium alloy. To develop better NDE tools for detection of hard alpha inclusions, a synthetic inclusion forging disk (known as the SID) was fabricated (details are given in Margetan et al. 2007 ). The SID contains numerous types of synthetic hard alpha (SHA) inclusions and flat bottom holes (FBHs) of different known sizes. For each inclusion type, there are multiple copies which we refer to as "targets."
These targets are under different surfaces and at different depths.
This paper describes a round-robin experiment in which the SID was inspected by two different ultrasonic testing (UT) methods, with different operators at different locations. We describe the modeling and statistical analyses that were used to estimate the probability of detection (POD) for the synthetic hard alpha inclusions and provide the needed extensions to standard methods that have been used traditionally in the analysis of NDE data. Our modeling and analysis include the use of a physics-based model to describe the relationship between NDE signals and flaw characteristics and the use of a mixed effect model to describe random effects in the inspection process. We also introduce the important concept of making inferences on a quantile of the POD distribution. Olin and Meeker (1996) and Spencer (1996) provided an overview of statistical methods for NDE techniques. MIL-HDBK-1823A (2009) described the standard statistical procedures for NDE data analyses and Annis (2009) provided an R package to implement these procedures through maximum likelihood (ML) method.
Related Literature
Overview
The rest of this paper is organized as follows. Section 2 presents the standard statistical methods used in NDE and the concept of POD. Section 3 gives a summary description of the experimental data. Section 4 describes the details of the physical models used in the analyses. Section 5 presents the physics-based statistical model. Section 6 describes the estimation procedures of the statistical model. Section 7 presents detailed POD results for different types of defects. Section 8 contains some concluding remarks and extensions for future research work.
STANDARD STATISTICAL METHODS IN NONDESTRUCTIVE EVALUATION
In this section, we outline the standard statistical methods and procedures that are commonly used in NDE applications, as described at MIL-HDBK-1823A (2009). There are two types of responses in NDE applications: hit and miss binary responses and continuous responses such as voltage. Given the fact that the UT measurements from the titanium forging SID are continuous, we focus on the statistical model for a continuous response.
Statistical Models for NDE
We use Y to denote the NDE measurement response (or its transformation) and x to denote the defect size (or its transformation). Other explanatory variables (or their transformation), some of which might be random effects, are denoted by a vector z . Then the statistical model is 
Detection Threshold
Probability of Detection
For a specified model and detection threshold, the probability of detection as function of defect size can be obtained as follows:
where is a set of fixed explanatory variables and 
DATA DESCRIPTION
Data Overview
The titanium SID that was used in the experiments described in this paper contained a large number of cylindrical FBH and SHA targets. A cross section diagram of the SID is shown in Figure 1 for purposes of statistical analysis, converted, through a scale change, to an Effective Flat Bottom Hole (EFBH) response. The EFBH response is defined as the flat bottom hole area that would give a signal response equal to the observed response, assuming a common calibration to certain size FBH. In the case of the SDI experiment the comparison was to a #1 FBH, corresponding to the specified calibration level that was used for all runs of the experiment (i.e., gain was set such that a #1 FBH would have a response that is 80% of a signal that would cause saturation). This kind of standardized response is often used when it is necessary to combine data with differences in calibration level. For the Multizone method, which uses a signal-to-noise ratio detection criterion, there were additional noise measurements also converted to EFBH units. Noise data was also acquired in the Conventional inspections and used to define detection limits, so that missed targets could be treated as left-censored observations. For most observations on individual targets within an inspection, we have exact readings that were translated to EFBH. In some of the inspections, however, the signal was below the noise floor and therefore determined to be a "miss." These observations are left censored in that we know only that the actual EFBH response is less than the noise floor EFBH. The noise floor varies from target to target. In some of the Multizone method inspections, the operator did not follow the protocol with respect to saturated observations. The protocol required that, in the case of saturated observations, the operator should reduce the gain in a sequence of steps to a known level where an actual reading could be made.
Then this reading could be converted to the actual voltage and corresponding EFBH. When the operator did not follow the protocol, we know only that the EFBH response is larger than the EFBH corresponding to the smallest voltage level that would cause saturation. Figure 3 is a summary plot of the data sets used in the analyses for both the Conventional and the Multizone methods, showing the seven different target types. Because the systems used UT probes that were operating at the same nominal frequency (10 MHz) and were calibrated in the same manner, it is not surprising that the amplitude values are similar for the two methods. 
Operator Plots and Targets Plots
The SID disk was inspected with both the Conventional UT method (two locations, six operators) and the Multizone UT method (three locations, seven operators). 
PHYSICAL MODEL DETAIL
A typical UT system includes a pulser, a transducer, and a display screen. Driven by the electrical pulses generated by the pulser, the transducer generates an ultrasonic wave. The ultrasonic wave is coupled into and propagates through the SID being tested. When there is a discontinuity such as one of the SHA or FBH targets in the ultrasonic wave propagation path, part of the energy will be reflected. The reflected energy is then transformed into an electrical signal by the transducer and is shown in the display screen.
By analyzing the results at the display screen, the existence of defects (SHA or FBH in the SID study considered here) can be determined, and the location and size of the defects can be further evaluated. In this section, several physical models are discussed to describe the principles behind the UT responses for defects with different composition and various sizes.
Reflectance Factor
A key characteristic affecting ultrasonic (and other kinds of) reflection from a discontinuity and the resulting signal strength is a function of the material properties on both sides of the discontinuity. The
is used to describe this characteristic. Here  denotes density, v denotes the ultrasonic wave speed and subscripts and refer to inclusion and titanium alloy matrix (host material), respectively. Because the density of a flat bottom hole target is essentially zero and the density of the host titanium materials is much larger (i.e., 
Kirchhoff Approximation
General background
When the duration of the incident ultrasonic pulse is sufficiently small with respect to the delay of the back surface echo of the targets, the echoes from the front and back surfaces of the targets can be resolved in time. Under such cases the elastodynamic Kirchhoff approximation (Adler and Achenbach 1980 ) is appropriate to model the measurement response. With the 10MHz UT system that was used for the Conventional and Multizone inspections, the seven types of target studied in this paper fall in the Kirchhoff regime. Thompson and Lopez (1984) introduced the beam radiation pattern Gaussian approximation concept and concluded the electrical signal
 
Voltage  observed in a pulse-echo experiment for a circular planar surface target can be described by using the following form:
where  is ultrasonic frequency, is the propagation distance, b is the circular target radius, and w is the ultrasonic beam radius. 
Effective Flat Bottom Hole
In production inspections, calibrations are performed to eliminate the effects of the factor in
which account for variations in transducer performance and the effects of propagation distance. Especially when there is need to combine data from measurements that are taken under different calibration levels, it is common practice to scale UT data into what is known as an EFBH response. The EFBH response is intended to represent the FBH area that would produce a signal equal to that which was observed from the target. More precisely, the EFBH is defined as 
13 This is a powerful result in the context of this study because (7) can be used to predict the response of all types of targets in the SID. The size enters through the value of b and the composition (i.e. weight percent nitrogen concentration) through the factor R (which is taken to have a value of 1 for a FBH).
This approach allows the data from all of the targets in the SID to be described by a single statistical model, thereby increasing the power of the regression analysis and tightening the confidence bounds.
Based on the physical model, valid extrapolation of EFBH values for targets with a radius between #1 and #5 and beyond #5 can be obtained for a range of weight percent nitrogen concentrations in SHAs.
Beam Limiting Kirchhoff Approximation
From (7) 
Rayleigh Scattering Regime
The Kirchhoff approximation is appropriate for the targets that are present in the SID under study in this
paper. An additional consideration is the Rayleigh scattering regime where the defect size is small with respect to the ultrasonic wavelength. Although none of the targets in the SID fall in the Rayleigh scattering regime, it is necessary to consider the different response mechanism to avoid improper say that the response from a target or defect in this size region is described by the Rayleigh limit regime.    , the signal is independent of b .
In this work, experimental measurement and the sizes of the SHA and FBH targets in the SID fall within the Kirchhoff regime. Thus in the following statistical modeling, only the Kirchhoff approximation is used.
STATISTICAL MODEL
Mean Response
Section 4 described the physical models for different size regimes with respect to wave length and beam size. The targets in the SIDs fall into the Kirchhoff regime and the physical response function is written in (7) in units of EFBH. By adding a fitting parameter and taking log transformation of (7) we have:
10 10 log EFBH log log 1 2
where  is the scaling fitting parameter that accounts for the overall factor of the Kirchhoff approximation, R is the reflectance factor, w is the beam radius, and x is the target radius. The beam radius ( ) is to be estimated from the data and the target radius ( w x ) is in units of mils (a mil is .001 inch).
Weight Percent Nitrogen Concentration Correction
The reflectance factor ( R ) is equal to 1 for FBH targets and is a function of weight percent nitrogen concentration for SHA targets, as described at Section 4.1. The original weight percent nitrogen concentration ( ) values for SHA targets were 3% and 17%. However our statistical analysis revealed some systematic lack-of-fit relative to the model (Eq. 8), especially for the 17% SHA nitrogen concentration targets. During fabrication, the SID was sliced like a bagel, the FBH targetss were drilled, and SHAs were inserted into holes for that purpose. Then the two pieces of the SID were HIPped (Hot Isostatic Pressing) together at high temperature and pressure to form of a single disk. Ultrasonic velocity measurements (before fabrication and after the experiment) confirmed that the overall nitrogen concentrations in the center of the SHA targets were still 3% or 17%. Thus it is believed that the HIPing process led to some diffusion of nitrogen into the titanium alloy matrix around the SHA target. This would cause a small gradient in nitrogen concentration, reducing the acoustic impedance and the effective reflectivity. It is interesting to note that naturally occurring hard alpha inclusions are also surrounded by a diffusion zone. 
where  is a parameter to be estimated from the data. Then instead of using the original weight percent nitrogen concentration, the corrected weight percent nitrogen concentration in (9) is now used in (4) 
.
Random Effects
At each inspection location, there were several operators, each of whom inspected the entire disk. There were operator-to-operator variations in the measurement responses even for the same target. There were also target-to-target variations, probably due to variability in the SID fabrication processes and spatial variability in materials properties throughout the SID. To account for these variations, we assumed a random operator effect and a random target effect in addition to the measurement error. We also assume that any differences from site-to-site were due primarily to differences among the operators.
To account for these random effects, the physical model in (8) was extended as follows: 
where  ,  and  are the corresponding operator random effect, target random effect and measurement error, respectively. We assume a normal distribution with mean zero for the operator random effect, the target random effect, and the measurement error. The variances for operator random effect, target random effect and measurement error are 
Estimation of Functions of Model Parameters
Besides the model parameters, we can also find the posterior distribution for functions of the model 
Estimation of the Response Function
In an inspection process with random effects, the true response function and true POD are random (e.g., in our application there would be a different response function for each target/operator combination). The NDE community traditionally focuses on the average quantities in reporting the response function and POD, in effect, averaging over the random effects. We refer to these averages as the mean response function and the mean POD function, respectively. In some applications, however, there is interest in the worst case scenario among the population of operators and targets. Under such cases a small quantile of response function distribution and a small quantile of POD function distribution for operator and target random effects would be more appropriate metrics to report. In this section we describe the procedures to estimate the mean response function and a quantile of response function distribution. Section 7 describes procedures to estimate the mean POD and a quantile of the POD distribution.
Mean of the response function distribution
As described in Section 6.1, we used the internal MCMC simulation algorithm in WinBUGs ( 
Diagnostics
It is important to assess how well the statistical model fits the experimental data. Figure 7 
PROBABILTY OF DETECTION
Given the response function and the detection threshold, the mean POD, the quantile of POD distribution and the corresponding LCBs can be obtained. In this section we first describe the procedures to estimate POD for Conventional and Multizone respectively. Then we present the POD plots of both inspection methods for all types of targets.
The Conventional Inspection Method
Mean POD
For the Conventional method, the detection threshold is set as 
Quantile of the POD distribution
Again, consider a random draw of an operator and a target. Some combinations will result in higher POD Figure 9 contains plots of the estimates of the mean of the POD distribution (solid lines), the corresponding 95% LCBs (dashed lines), the 0.05 quantile of POD distribution (dashed-dotted lines) and the corresponding 95% LCBs (dotted lines) for 3% SHA, 17% SHA and FBH targets for both inspection methods. Figure 9 shows that although there was little difference between the inspection methods when looking at the signal-response functions estimates in Figure 6 , there are large differences between the 29 30 estimates of the POD functions. This is due to the important increase in detection power provided by the more complicated SNR detection criterion used in the Multizone inspection method and to some degree because there is less operator-to-operator variability in the Multizone inspection method. Spencer (FAA consultant), and Harpreet Wasan (Pratt and Whitney). We would like to thank Floyd Spencer for suggesting that, for some purposes, it is important to estimate the quantile of the POD distribution.
POD Plots
The experimental results presented in this paper are based on the efforts of the aforementioned team. However, as a final report has not been completed and approved by all, these results should be
